コウジゲン カセキブン ヒエラルヒー ノ $\tau$ カンスウ ヒセンケイ カセキブンケイ ノ ケンキュウ ノ ゲンジョウ ト テンボウ by 高崎, 金久
Title高次元可積分ヒエラルヒーの$\tau$函数(非線型可積分系の研究の現状と展望)
Author(s)高崎, 金久









Moyal K $P$ .
Moyal .
K $P$ $\tau$ .
W-infinity Lie . $\tau$






K $P$ , Lax , $\supset$
$\frac{\partial L}{\partial t_{n}}=[B_{n}, L]$ $(n=1,2, \ldots)$ (1)
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2. $L$ (Lax ) $B_{n}$ (Zakharov-Shabat
)
. $\cdot$
$L$ $=$ $\partial_{x}+\sum_{\tau\iota=1}^{\infty}g_{n+1}(x,t)\partial_{x}^{-n}$ , (2)
$B_{n}$ $=$ $(L^{n})\geq 0$ ,
$($ $)$ : $\partial_{x}$ ( ) (3)
( $x$ 1 \partial x $=\partial/\partial x$ ) ,






$\frac{\partial W}{\partial t_{n}}=-(W\partial_{x}^{n}W^{-1})_{\leq-1}W$ (6)
( Baker-Akhiezer )
. dressing $\tau$ $\tau=\tau(t)$
, K $P$ $\tau$
.
K $P$ , ,
K $P$ . (
$N$ $N$ ) 1




$N,$ $E_{\alpha\beta}$ $(\alpha,\beta)$ 1 $0$ $N\cross N$ )
$N$ Lax . $g_{n},$ $u_{\alpha,n}$ ( $N\cross N$
) , K $P$ .
3$t=(t_{n\alpha}),$ $n=1,2,$ $\ldots,$ $\alpha=1,$ $\ldots,$ $N$ . Lax
$\frac{\partial L}{\partial t_{n\alpha}}=[B_{n\alpha}, L]$ , $\frac{\partial U_{\beta}}{\partial t_{n\alpha}}=[B_{n\alpha}, U_{\beta}]$ (8)
( 1 )
$[L, U_{\beta}]=[U_{\alpha}, U_{\beta}]=0$ (9)
( 1 ) . $B_{n\alpha}$
$B_{n\alpha}$ $:=(L^{n}U_{\alpha})\geq 0$ (10)
. dressing 1 $w_{n}$ $N\cross N$
, Lax
$L=W\partial_{x}W^{-1}$ , $U_{\alpha}=WE_{\alpha\alpha}W^{-1}$ (11)
, $W$
$\frac{\partial W}{\partial t_{n\alpha}}=-(W\partial_{x}E_{\alpha\alpha}W^{-1})_{\leq-1}W$ (12)
. r 1 .
, K $P$ 1
.
. $x$ .
$1+\infty$ (1 $x$ )
. ( , $t$ $t_{1\alpha}$
. 1 K $P$ , $x$ $y=t_{2}$ $t_{3}$
$KdV$ 2






4$\Sigma$ 2 . $\omega$
$(y, z)$
$\omega=dy\wedge dz$ (14)
. Poisson $(\Sigma)$ $\Sigma$ Poisson
$\{f,g\}:=\frac{\partial f}{\partial y}\frac{\partial g}{\partial z}-\frac{\partial f}{\partial z}\frac{\partial g}{\partial y}$ (15)
Lie , Moyal$(\Sigma)$ Moyal
$\{f,g\}_{\hslash}$ $:= \frac{2}{\hslash}\sin[\frac{\hslash}{2}(\frac{\partial^{2}}{\partial y\partial z’}-\frac{\partial^{2}}{\partial z\partial y’}I]f(\hslash,y, z)g(\hslash,y’,z’)|_{y’=y,z’=z}$ (16)
Lie . ( , Moyal
, $\hslash$
.) Moyal Poisson ,
$\{f,g\}_{\hslash}$ $=$ $\{f,g\}+O(\hslash)$ ,
$\{y, z\}_{\hslash}$ $=$ 1,
$\{f, g\}_{\hslash}$ $=$ $\frac{1}{i\hslash}(f*g-g*f)$ (17)
. 3 Moyal ( )
(star product)




. Poisson(\Sigma ) Moyal$(\Sigma)$
.
( ). , N- $K$
$P$ , $L,$ $U_{\alpha}$ $N\cross N$ $Narrow\infty$
(large-N limit) Poisson $(\Sigma)$ Moyal $(\Sigma)$ ( $\Sigma$ )
, . , Lie
5. $Moyal(\Sigma)$
( star product ). , N- K $P$ large-N
Moyal
. $x$ $\Sigma$ $(y, z)$ .
$3+\infty$ (
, ) , .
, K $P$ ( ) K $P$
, K $P$
Poisson . ,
Moyal Poisson , K $P$
.
,




, ) , K $P$
$\tau$ .





$L$ $=$ $\partial_{x}+\sum_{n=1}^{\infty}g_{n+1}\partial_{x}^{-n}$ ,
$U$ $=$ $y+ \sum_{n=1}^{\infty}u_{n}*L^{-n}$ (19)
. Lax $t$
Moyal ,
$g_{n}=g_{n}(\hslash,x,y, z,t)$ , $u_{n}=u_{n}(\hslash,x,y, z,t)$ (20)
6(Moyal , Planck
). 1 K $P$ $x1$ .
$(x, y, z)$ 3 .
.
Moyal ( ) $A= \sum a_{n}$ , $B=\Sigma b_{n}$
$A+B$ ( ) $A*B$ .
$A+B= \sum(a_{n}+b_{n})\partial_{x}^{n}$ ,
$A*B= \sum c_{n}\partial_{x}^{n}$ ,
$c_{n}$ $:= \sum_{i+j-k=n}(\begin{array}{l}ik\end{array})a_{i}*b_{j}^{(k)}$ ,
$b_{j}^{(k)}$ $;=\partial_{x}^{k}(b_{j})$ . (21)
. star product ,
$*$ . $A*\ldots*A$
,
$A^{n}=A*\cdots*A$ ( $n$ ) (22)
. , Moyal
$N\cross N$ large-N limit .
N- K $P$ large-N limit
.
$t=t_{n\alpha},$ $n,$ $\alpha=0,1,2,$ $\ldots$ ,
. Lax Lax




$B_{n\alpha}$ $:=(L^{n}*U^{\alpha})\geq 0$ (25)
(( ) $\partial_{x}$ ) ,
.
$[A, B]$ $:=A*B-B*A$. (26)
7dressing Moyal ,
$W=1+ \sum_{n=1}^{\infty}w_{n}(\hslash, x, y, z,t)\partial_{x}^{-n}$ (27)
, Lax
$L=W*\partial_{x}*W^{-1}$ , $U=W*y*W^{-1}$ (28)
,
$\frac{\partial W}{\partial t_{n\alpha}}=-(W*\partial_{x}^{n}y^{\alpha}*W^{-1})_{\leq-1}*W$ (29)
.
K $P$ , dressing flow
(factorization, Riemann-Hilbert )





( , KP ,
$\backslash .)$ .
, K $P$ $U_{\alpha}$ $U^{\alpha}$
. $U_{\alpha}$ $U^{\alpha}$ . dressing
$U^{\alpha}$
$U^{\alpha}=W*y^{\alpha}*W^{-1}$ (31)






82 $T^{2}$ Moyal . (
.) $\theta=(\theta_{1}, \theta_{2})$ (
$2\pi)$ .
$\omega=d\theta_{1}\wedge d\theta_{2}$ (32)
. $2\pi$ , star




$f( \hslash,\theta_{1},\theta_{2})=\sum f_{\alpha_{1}^{-}\alpha_{2}}e^{i\alpha_{1}\theta_{1}+i\alpha_{1}\theta_{2}}$ (34)





2 trace . $N\cross N$
tr(l) $=N$ , large-N limit trace
1
$\overline{N}$
tr $Xarrow$ tr $f$ (36)
( ) .
, $y$ $\theta_{1}$ . Lax
$L$ $=$ $\partial_{x}+\sum_{n=1}^{\infty}g_{n+1}\partial_{x}^{-n}$ ,
$U$ $=$ $\theta_{1}+\sum_{n=1}^{\infty}u_{n}L^{-n}$ (37)
.
$g_{n}=g_{n}(\hslash,x,\theta_{1},\theta_{2},t)$ , $u_{n}=u_{n}(\hslash,x,\theta_{1},\theta_{2},t)$ (38)
9$\ovalbox{\tt\small REJECT}$
$\theta$ . $U$
, $\alpha$ $e^{i\alpha U}$ . $U^{\alpha}$
. $\alpha$ $0,$ $\pm 1,$ $\pm 2,$ $\ldots$ .
$t=(t_{n\alpha}),$ $n=0,1,2,$ $\ldots,$ $\alpha=0,$ $\pm 1,$ $\pm 2,$ $\ldots$ , .
Lax




$B_{n\alpha}$ $:=(L^{n}*e^{i\alpha U})\geq 0$ . (41)
dressing operator
$W=1+ \sum_{n=1}^{\infty}w_{n}(\hslash,x,y, z,t)\partial_{x^{-n}}$. (42)
( $\theta$ ) , Lax
$L=W*\partial_{x}*W^{-1}$ , $U=W*e^{i\alpha\theta_{1}}*W^{-1}$ (43)
,








(i) Grassmann Pl\"ucker ,




). (iii) r , large-N
limit .
(iii) N- K $P$ $\tau$
:
$\frac{\partial\log\tau}{\partial t_{n\alpha}}=r_{\lambda}estr[\lambda^{n}E_{\alpha\alpha}W(\lambda)^{-1}(\frac{\partial W(\lambda)}{\partial\lambda}-\sum_{k=1}^{\infty}\lambda^{-k-1}\frac{\partial W(,\lambda)}{\partial t_{k0}})]$. (45)
$W(\lambda)$ $W$ $\partial_{x}arrow\lambda$ Laurent
$W(\lambda)$ $:=1+ \sum_{n=1}^{\infty}w_{n}\lambda^{-n}$, (46)
$res_{\lambda}$
$\lambda$ formal residue,
$r_{\lambda}es(\sum a_{n}\lambda):=a_{-1}$ , (47)
tr $N\cross N$ . $\partial/\partial t_{k,0}$
$\frac{\partial}{\partial t_{k,0}}$ $;= \sum_{\alpha=1}^{N}\frac{\partial}{\partial t_{k,\alpha}}$ (48)
; $t_{k,\alpha}$












$trarrow t_{\theta}r$ , $\lambda^{n}E_{\alpha\alpha}arrow\lambda^{n}e^{i\alpha\theta_{1}}$ (50)
$\frac{\partial\log\tau}{\partial t_{n\alpha}}=r_{\lambda}est_{\theta}r[\lambda^{n}e^{i\alpha\theta_{1}}*W(\lambda)^{-1}*(\frac{\partial W(\lambda)}{\partial\lambda}-\sum_{k=1}^{\infty}\lambda^{-k-1}-\frac{\partial W(,\lambda)}{\partial t_{k0}})]$ (51)
Frobenius . $\log\tau=\log\tau(\hslash, x,t)$
K $P$ Grassmann
. , Pl\"ucker , (affine
) .
\langle , $tr_{\theta}(f*g-g*f)=0$ , 2
Moyal ( ) .
K $P$ ,
. ,
, Moyal ( )
. $\tau$ N- K $P$ r \mbox{\boldmath $\tau$} $N-KP$
. (
$\tau\sim\lim_{Narrow\infty}\tau_{N-KP^{1/N}}$ (52)
$?$ ) K $P$
( gx Wronski , , etc. )
. ( ) $\tau$
.
$\tau$ .
1. , K $P$
.
2. $\partial_{x}arrow i\hslash\partial_{x},$ $\partial/\partial t_{n\alpha}arrow i\hslash\partial/\partial t_{n\alpha}$ Planck $\hslasharrow 0$
, , $\tau$
.
3. , \mbox{\boldmath $\tau$}







$\tau$ . $\tau$ ,
, r .
(
) , $A=A(\hslash, x, \theta_{1}, \theta_{2}, \partial_{x})$
( dressing transformation ) :
$\delta_{A}W$ $:=(W*A(t)*W^{-1})_{\leq-1}*W$, (53)
$A(t)$ $:= \exp(\sum_{n,\alpha}t_{n\alpha}\partial_{x}^{n}e^{i\alpha\theta_{1}})*A*\exp(-\sum_{n,\alpha}t_{n\alpha}\partial_{x}^{n}e^{i\alpha\theta_{1}})$ . (54)
, $Warrow W+\epsilon\delta_{A}W$ $mod \epsilon^{2}$
. $\delta_{A}W$















. , $A(t)$ $x,$ $\partial_{x}$ , $x,$ $\partial_{x}$
$A(t)= \sum_{n,\ell}*\partial_{x}^{n+l}x^{\ell}a_{n\ell}(\hslash,t, e^{i\theta_{1}}, e^{i\theta_{1}})$
(57)
. $\theta$ $t,$ $e^{i\theta_{1}},$ $e^{i\theta_{2}}$ .
$\delta_{A}W$
$\delta_{A}W=\sum_{n,l}(W*\partial_{x}^{n+l}*x^{l}a_{n\ell}(\hslash,t,e^{i\theta_{1}},e^{i\theta_{2}})*W^{-1})_{\leq-1}*W$ (58)
. log \mbox{\boldmath $\tau$} .
. $\delta_{A}$ $\log\tau$
$\delta_{A}\log\tau$ $=$
$- \sum_{nl}r_{\lambda}est_{\theta}r[\lambda^{n+l}a_{n\ell}(t, e^{i\theta_{1}}, e^{i\theta_{2}})*W(\lambda)^{-1}$
$*( \frac{1}{(\ell+1)!}\frac{\partial^{l+1}W(\lambda)}{\partial\lambda^{l+1}}-\sum_{k=1}^{\infty}\lambda^{-k-1}\frac{\partial^{\ell+1}W(\lambda)}{\partial t_{k0}\partial\lambda^{\ell}})]$
$-\gamma(A, \hslash, x, \theta, t)$ (59)
$\frac{\partial}{\partial t_{n\alpha}}\delta_{A}\log\tau=\delta_{A}\frac{\partial\log\tau}{\partial t_{n\alpha}}$ (60)
. $\log\tauarrow\log\tau+\epsilon\delta_{A}\log\tau$ $mod \epsilon^{2}$ $Warrow W+\epsilon\delta_{A}W$
$r$ . $\gamma(A, \hslash, x, \theta, t)$ $A$
( ).





$[\delta_{A}, \delta_{B}]=\delta_{[A,B]}+c$( $A$ , B) $g\tau$ (61)
$c(A, B)$ $A,$ $B$ ( ) ,
$g\tau$
$\log\tau$
( $\tauarrow c\tau,$ $c\neq 0$ , ) :
$d_{og\tau}\log\tau=1$ , $d_{og\tau}w_{n}=0$ . (62)
14
$\partial_{\log\tau}$
$\delta_{A}$ , $c(A, B)$
$c(A[B, C])+c(B[C, A])+c(C[A, B])=0$ (63)
, $\log\tau$ $W$ J
1 . 1 K $P$
$\gamma(A),$ $c(A, B)$ .
, .
, ] $A=A(\hslash, x, \theta, \partial_{x})$ Moyal $\tau$ $a_{ij}=a_{ij}(\hslash, x,\theta)$
:
$\partial_{x}^{i}\cdot A=\sum_{j=-\infty}^{\infty}a_{ij}\partial_{x}^{j}$ . (64)
A $=(a_{ij})$ $Z\cross Z$ , $Aarrow A$ Moyal
Moyal -iffl $g1(\infty, Moya1(T^{2}))$
. A , :
$\frac{\partial A}{\partial x}=[A, A]$ , (65)
A $KP$ shift
$A=(\delta_{i+1,j})$ , (66)
$A=\exp(Ax)*A(0)*\exp(-Ax)$ , $A(0)=A1\cdot=0$ (67)
, $A(t)$ $A(t)$
$A(t)=\exp(Ax+\sum t_{n\alpha}A^{n}e^{i\alpha\theta_{1}})*A(0)*\exp(-Ax--\sum t_{n\alpha}A^{n}e^{i\alpha\theta_{1}})$ (68)
.
$\gamma(A, \hslash, x, \theta, t)$ :
$\gamma(A,\hslash,x,\theta,t)$ $=$ $\frac{1}{2}trZt_{\theta}r([E,\exp(-xA-\sum t_{n\alpha}A^{n}e^{i\alpha\theta_{1}})]$
$* \exp(xA+\sum t_{n\alpha}A^{n}e^{i\alpha\theta_{1}})*A)$ , (69)
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$tr_{Z}$ $(i,j)$ . $E$ $Z\cross Z$
:
$E=(\begin{array}{ll}-\delta_{ij}(i,j\leq-1) \geq 0(i\leq-1,j0)-0(i\geq 0,j\leq-1) \delta_{ij}(i,j\geq 0)\end{array})$ . (70)




. $g1(\infty, Moya1(T^{2}))$ $Aarrow A$
, $g1(\infty)$ (Kac-Peterson )
. $tr_{\theta}$ , $g1(\infty)$ N- K $P$
$N\cross N$ , 1 K $P$
(1 ) .
$\gamma(A, \hslash, x,\theta,t)$ ,
:
$\frac{\partial\gamma}{\partial t_{n\alpha}}$ $=$ $c(A^{n}e^{i\alpha\theta_{1}},$ $A(t))$ ,
$\frac{\partial\gamma}{\partial x}$ $=$ $\frac{\partial\gamma}{\partial t_{1,0}’}$
$\gamma|_{x=0,t=0}$ $=$ $0$ . (72)
1 K $P$ .
K $P$ Grassmann affine
. K $P$









2. Moyal , Moyal
. r .
3. F.l‘R7-C . dressing
operator (dressing transformation) , r
. $\tau$









5. ( K $P$ )
. , $(k, x, \theta_{1}, \theta_{2})$
4 ($\partial_{x}arrow k$ ) , Poisson .
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